We prove some finiteness theorems for the Picard functor of an algebraic stack, in the spirit of SGA6, exp. XII and XIII. In particular, we give a stacky version of Raynaud's relative representability theorem, we give sufficient conditions for the existence of the torsion component of the Picard functor, and for the finite generation of the Néron-Severi groups or of the Picard group itself. We give some examples and applications. In an appendix, we prove the semicontinuity theorem for a non necessarily tame algebraic stack over a PID.
Introduction

Let f : X S be a morphism of schemes. If f is proper, flat and finitely presented, and if f * O X is universally isomorphic to O S , then we know that the Picard functor Pic X/S is a locally separated algebraic space. If it is smooth along the unit section, then its neutral component Pic 0 X/S is an open subscheme of Pic X/S , which is moreover proper over S if X has geometrically normal fibers. So Pic 0 X/S has the great advantage of being quite often proper (while Pic X/S is generally not of finite type). However, it has at least the two following drawbacks:
• it does not always exist as an algebraic space (even if Pic X/S does);
• it does not contain the discrete information that is enclosed in the whole Picard functor (the number of connected components for instance). To deal with the second point, it is natural to study the Néron-Severi groups. For every geometric point s of S, the Néron-Severi group at s is NS(s) = Pic X s /κ(s) (κ(s))/Pic 0 X s /κ(s) (κ(s)).
Raynaud and Kleiman proved that these groups are of finite type as soon as X is proper over S. Moreover, if S is noetherian, their rank and the order of their torsion subgroup are uniformly bounded over S.
On the other hand, if Pic 0 X/S is not representable, there is an other subfunctor which can serve as a substitute: the torsion component of Pic X/S , denoted by Pic τ X/S . Roughly speaking, it is the set of points of Pic X/S , a power of which lies in Pic 0 X/S . It does exist as an algebraic space much more often than Pic 0 X/S , and it is an open subspace of Pic X/S which is of finite type over S. Actually it is in most cases the biggest finite type open subspace of Pic X/S . All these are results from SGA 6, exp. XIII.
Along the last decades, algebraic stacks have been more and more used, and algebraic geometers often have to compute their Picard groups (or Picard functors), when it is possible. Sometimes, we only need to know that they are finite or finitely generated, while computing them explicitely seems difficult. In this context, some general finiteness results for the various Picard objects of an algebraic stack would certainly be welcome. Originally, we only wanted to provide some information about the Néron-Severi groups and the torsion component of the Picard functor of an algebraic stack X over S. It turned out that it was necessary to prove a stacky version of the relative representability theorem from SGA 6, exp. XII. The latter is our main theorem, stated in 2.4.1. The others are easy consequences of this one, using Chow's lemma. By the way, we also provide some finiteness results for the Picard stack Pic(X /S).
Contents. The paper is organized as follows. In section 2, we prove the main theorem. We start with some considerations about the behaviour of the cohomology of coherent sheaves on tame algebraic stacks (2.1). The sections 2.3 and 2.4 contain the heart of the proof of 2.4.1. At the end of 2.4, we also give a few immediate corollaries. In particular, we prove that the Picard functor of a proper and tame algebraic stack over a field is always a scheme, without any further assumption (2.4.4) .
In section 3, we give some corollaries and applications. We begin with general finiteness results ( §3.2). For instance we prove that the "n th -power" maps of the Picard functor Pic X/S and of the Picard stack Pic(X /S) are of finite type. The paragraph 3.1 is devoted to the definition and basic properties of quasi-compact or quasi-separated morphisms of non representable functors. (These elementary results were necessary for 3.2.) The results concerning the torsion component Pic τ X /S are in paragraph 3.3. We conclude this part with some applications that are more arithmetic in nature ( §3.4), including the finite generation of the Néron-Severi groups mentionned above. We also prove there a few finiteness properties for the Picard group of an algebraic stack. Some very concrete examples and computations can also be found in this section 3.
The appendix ( §4) contains some cohomological stuff, in the spirit of 2.1. The results are a bit weaker, but apply to arbitrary algebraic stacks (not necessarily tame).
Notations and conventions. Following [20] , all algebraic stacks (a fortiori all schemes and algebraic spaces) are supposed to be quasi-separated. A stack admitting a smooth cover, and the diagonal of which is (only) representable and locally of finite type will be called an algebraic stack in Artin's sense. The cohomology groups on an algebraic stack X are computed with respect to the smooth-étale topology. Note that if X is a Deligne-Mumford stack, and in particular a scheme, we recover theétale cohomology groups (cf. [9] A.1.6). If X is an algebraic stack over a base scheme S, its Picard functor, denoted by Pic X /S , is the fppf sheaf associated with the presheaf U → Pic(X × S U ). Its Picard stack Pic(X /S) is the stack whose fiber category over an S-scheme U is the category of invertible sheaves on X × S U .
A relative representability theorem
The main result of this section is the relative representability theorem 2.4.1, which generalizes [2] exp. XII, 1.1. It says the following. Let f : X Y be a surjective morphism between two proper and tame algebraic stacks over an integral noetherian base scheme S. Then, over a nonempty open subset of S, the induced morphism f * between the Picard functors is quasi-affine and of finite type (see 2.4.1 for a more precise statement). This is more general in two respects: first it also applies to (tame) algebraic stacks, second it gives information not only about the Picard functors, but also about the Picard stacks (see 2.4.1). For the proof, as in [2] XII we treat separately the case of a nilpotent immersion, and then we use non-flat descent. However, even in the particular case of schemes, the proof given here is much simpler, due to the use of the representability theorem by an algebraic space for Pic X /S (see [5] and [9] ). We do not need the heavy preliminary reduction to the case where X and Y have geometrically integral fibers. Also, we do not need to prove the representability of f * , but only its quasi-affineness. Though, some of the arguments given in [2] for schemes sometimes apply in our case without any change, so we are refering to them as soon as possible in the proof below. We give full details when specific arguments are needed for stacks. We start with some preliminary material in the two first sections (2.1 and 2.2).
Tame stacks and cohomology
In scheme theory, the key point to get some "base change theorems" for cohomology of a coherent sheaf F on a proper scheme (over a noetherian ring A), is the existence of a finite complex of finite free A-modules computing "universally" the cohomogy of F . For stacks, since the cohomological dimension might be infinite, there does not exist such a finite complex. We explain below that with tame assumptions on the stack, such a complex does exist (2.1.5). In particular all the standard "cohomology and base change" results (e.g. semicontinuity) are available (2.1.6, 2.1.7). In the appendix ( §4), we give some weaker versions for general stacks (that will not be used in this paper).
Before dealing with complexes, let us recall the definition of tame stacks and give a few facts about them. If X is an Artin stack locally of finite presentation over a scheme S, and if its inertia stack I = X × X × S X X is finite over X , it follows from [19] that there is a moduli space π : X X for X (see also [11] ). Note by the way that the map π is proper and quasifinite. Moreover, the algebraic space X is locally of finite type if S is locally noetherian, and if X is separated then X is separated as well. 
is an isomorphism. In particular, if F is flat over S, then so is π * F .
Proof. We use more or less the same argument as in the proof of [4] 3.3 (b).
Since the question is local on X for theétale topology, we can assume that X is an affine scheme. The statement is obvious if N is free. In the general case, let Q 1 Q 0 N 0 be a free presentation of N . Then we have a commutative diagram with exact rows (since π * is exact):
The first two columns are isomorphisms, hence so is the third. The last assertion follows immediately, keeping in mind the fact that π * is exact. Proof. The diagonal morphism of X factors as
The first of these morphisms is a closed immersion since f is separated and the second one is obtained by base change from the diagonal morphism of Y . Let k be an algebraically closed field and let x be a k-point of X . By assumption on Y , the automorphism group scheme Aut Y (f (x)) is linearly reductive (use [4] 3.2 (b)), and by the above remark, the group scheme Aut X (x) is a (closed) subgroup scheme of Aut Y (f (x)). Thus it is linearly reductive as well by [4] 2.5, and by [4] 3.2 (b) this implies that X is tame.
In the sequel we will use several times the following lemma from [21] §5 (see also [13] chap. 0 (11.9.1)). 
with M i free over A for 1 ≤ i ≤ n, and isomorphisms
Proof. Let π : X X be the moduli space of X. Note that X is separated. Choose a finite affine covering U = (U i ) i∈I of X by affine open subschemes. Then form theČech complex C • = C • (U, π * F ) of alternatingČech cochains. It is a finite complex of flat (2.1.2) A-modules and it computes the cohomology groups H i (X, π * F ). Since X is separated, the elements of the covering U ⊗ A A ′ obtained after a base change A A ′ are still affines, so the cohomology of the complex C • is universally isomorphic to the cohomology of π * F on X. But this is also the cohomology of F on X , since the functor π * is exact (use for instance the Leray spectral sequence for π, [9] A.2.8). Note that if A is noetherian, X proper and F coherent, then the modules H i (X , F ) are finitely generated by [22] (1.2), so in this case the cohomology modules of the complex C • are finitely generated. Now it is enough to apply 2.1.4 and [21] §5 lemma 2.
Remark 2.1.6 Because of the existence of this complex, all the corollaries that are in [21] §5 hold for tame stacks. In other words, the cohomology of such stacks behaves like that of schemes under base change.
For the convenience of the reader, let us state the semicontinuity theorem, and an other classical result that will be used in the sequel.
Corollary 2.1.7 Let S be a scheme and let f : X S be a quasi-compact and separated tame stack on S. Let F be a quasi-coherent sheaf on X that is flat over S. 
Proof. For (1), the proof given in [21] §5 holds without any change. For (2), since forming the higher direct images commutes with any flat base change ( [9] A.3.4), the assertion is local on both S and S ′ so that we can assume that they are both affine, say S = Spec A and S ′ = Spec A ′ . Let M • be the complex given by 2.1.5. In view of 2.1.5, it is enough to prove that forming H i (M • ) commutes with base change. But for any A-module N there is a Künneth spectral sequence
Since all the H q (M • ) are flat, this spectral sequence degenerates and yields isomorphisms
Preliminary lemmas
We first prove that some functors are affine schemes. 
are affine schemes of finite type over S.
Proof. We can assume that S is affine (S = Spec A). Tensoring by M −1 , we can assume that M = O X . Now the first of the above functors is
Since we already know it is a sheaf, it is enough to consider its restriction to affine schemes, i.e. to look at the functor
. Let M • be a finite complex of finite free A-modules given by the lemma 2.1.5 for L . Then for any B,
. Now, applying [14] 7.4.6 there exists an A-module Q of finite type and a functorial isomorphism
hence an affine scheme of finite type. Now
Lemma 2.2.2 Let S be a locally noetherian scheme and let f : X S be a proper and tame algebraic stack over S. Let F be a coherent sheaf on X that is flat over S. Assume that all the sheaves R i f * F are flat over S (i ≥ 0). Then the sheaf V i on (Sch/S) • defined on affine schemes by
is an affine scheme of finite type over S.
Proof. We can assume that S = Spec A. Let M • be the complex given by 2.1.
We have seen in the proof of 2.1.7 that the functor
is flat. Now owing to [14] 7.4.6 there is an A-module Q i and an isomorphism of functors
In the proof of 2.4.1 we will also need some improvments of the results given in [9] . The theorem below is a refinement of [9] 1.2. The superfluous assumption that O S ∼ f * O X holds universally has been removed.
Theorem 2.2.3 Let S be a locally noetherian scheme and let f : X S be a proper, tame and flat algebraic stack over S. Then the Picard stack Pic(X /S) (which is an algebraic stack in Artin's sense by [9] ) is quasiseparated, hence is algebraic in the sense of [20] .
Proof. We will apply [9] 3.2.1. If U ∈ ob (Sch/S) is an affine noetherian 1 scheme and if L is an invertible sheaf on X × S U , then Aut(L ) is an affine scheme (2.2.1) hence quasi-compact and separated. Assume now that U is integral and that there is a dense subset T of points t in U such that there is an extension L(t) of κ(t) such that L L(t) is trivial. We have to show that L is trivial over a nonempty open subset of U . First, owing to the lemma 2.2.4 below, for each t ∈ T , L κ(t) itself is trivial. Now, the proof given in [9] 
Proof. Obviously we can assume that X is connected. Owing to [9] A.3.3 there is an isomorphism
It follows immediately that L is generated by its global sections (the same holds for L −1 ). So let x be a point in |X | and let
It is enough to show that λ is nonzero everywhere (then the same will hold for s). Let us denote by X the spectrum of the Artin local ring H 0 (X , O X ). There is a morphism X X, and we see that given a point y ∈ |X |, the section λ is nonzero at y if and only if it is nonzero at the unique point of X. The result follows immediately.
The following lemma will be strengthened in 2.4.3, using 2.4.1.
Lemma 2.2.5 Let S be a locally noetherian integral scheme and X a proper and tame algebraic stack over S. Then there is a nonempty open subset
Proof. By generic flatness ([15] 6.9.1), we can assume that X is flat over S. By 2.2.1, the functor I : T → Γ(X T , O X T ) × is an affine scheme of finite presentation over S. Note that forming I commutes with base change. Using generic flatness again, we can assume that I is flat over S. Now, since we know by 2.2.3 that Pic(X /S) is an algebraic stack in the sense of [20] , we can apply [20] (10.8) and this gives the result.
The lemma below is a slight variation of [20] (A.2.2). It will be one of the key ingredients of the proof of 2.4.1.
Lemma 2.2.6 Let f : X Y be a monomorphism of algebraic spaces. Assume that Y is locally noetherian and that f is locally of finite type. Then f is quasi-affine.
Proof. Using [20] (A.2.2), it is enough to prove that f is quasi-compact. We can assume that Y is affine and reduced. Moreover, using noetherian induction on Y , it is enough to prove that there is a nonempty open subset V of Y such that X × Y V is quasi-compact. Now we can assume that Y is integral, and using generic flatness ([15] 6.9.1), that f is flat on a nonempty quasi-compact open subspace U of X. But now f is open on U . Let V denote the image of U in Y . Then, since f is a monomorphism, the subspace f −1 (V ) is equal to U and thus quasi-compact. This concludes the proof.
Let S be a scheme and let f : X Y be a morphism of algebraic stacks over S. Let g denote the canonical morphism from X × Y X to Y .
We will say that P (f ) holds if the diagram
is exact. We will say that P (f ) holds universally if P (f × S S ′ ) holds for any S-scheme S ′ . The following lemma generalizes [ 
where for each i, the morphism f i is finite and P (f i ) holds.
Proof. Let Y Y be a presentation of Y with Y affine and let us take the following notations
Moreover, since forming a pushforward or a kernel commutes with flat base change, we have B 0 = f * O X and
where Proof. We can assume that S = Spec A, that X is flat and (using 2.1.7) that forming H 0 (X , O X ) commutes with any base change. Let X be the spectrum of H 0 (X , O X ). We observe that for any field k and any morphism Spec k S, the stack X × S Spec k is connected if and only if X × S Spec k is. We will use this (and the fact that being reduced is a property of local nature for the smooth topology) to apply some results from EGA to the stack X . Let η be the generic point of S, and k its function field. By [15] 4.6.8, there is a finite extension k ′ of k such that (X k ′ ) red is geometrically reduced, and such that the connected components of X k ′ are geometrically connected. There is a finite, flat and integral A-algebra A ′ with function field equal to k ′ . Replacing A by A ′ we can assume that k ′ = k. Now the generic fiber of X red is geometrically reduced, hence by [16] 9.7.7 there is a nonempty open subset U of S over which the fibers of X red are geometrically reduced. We replace S with U . Let us denote by X i , i = 1, . . . , n the irreducible components of X . Shrinking S if necessary, we can assume that X i ∩ X j is empty if and only if (X i ) η ∩ (X j ) η is empty. We can also assume that X is connected. Now X η is connected as well, hence geometrically connected by the above. We apply [16] 9.7.7 to find a nonempty open subset of S over which the fibers of X are geometrically connected, and this concludes the proof. Proof. The ideal I in Y defining f is a nilpotent ideal. Obviously we can assume that I is square-zero. Using 2.2.5 we can assume that Pic X /S and Pic Y /S are algebraic spaces locally of finite presentation. Using generic flatness we can assume that X , Y , I and all the sheaves R i µ * I are flat over S (where µ is the structural morphism Y S). Then by 2.2.3 the Picard stacks are algebraic, and by 2.2.2 the sheaves V i on (Sch/S) • defined on affine schemes by
The case of a nilpotent immersion
For each S-scheme T , the exact sequence of abelian sheaves
induces the following exact sequence of abelian groups
(see [9] 3.1.3 for the details of this computation). Applying the functor "fppf associated sheaf", we get an exact sequence of fppf abelian sheaves:
Let P denote the kernel of the map Pic X /S V 2 . Since V 2 is separated, the morphism P Pic X /S is a closed immersion thus an affine morphism. Let us prove that the morphism Pic Y /S P is affine. Since the sequence
is exact, we see that Pic Y /S is a V 1 pseudo-torsor over P . Considering a presentation of the algebraic space P by an affine scheme, we can assume that P is an affine scheme and even that P = S. Moreover, by fppf descent, we can assume that the morphism Pic Y /S P has a section. Then Pic Y /S is a trivial torsor, hence isomorphic to V 1 and affine. Now let us prove b). The assertion on the diagonal is an immediate consequence of 2.2.1. Let P denote the kernel of the natural map from Pic(X /S) to V 2 , i.e. P is defined by the cartesian square
where e : S V 2 is the neutral section. Then P is a closed substack of Pic(X /S) and we only have to prove that the natural morphism from Pic(Y /S) to P is of finite type. It is enough to prove that the same holds for the morphism obtained after a base change via u : U P, where U is an affine scheme. To avoid heavier notations, let us assume that U = S (this is harmless). Now consider the cartesian square
By definition of P, the point u corresponds to an invertible sheaf L on X , the obstruction class ω(L ) of which is trivial (see (*), note also that ω(L ) is really trivial and not only locally for the fppf topology, because in the fppf sheafification process above V 2 was not affected). Let us describe the stack Q. If T is an affine scheme over S, the fiber category Q(T ) is the category of couples (M , α) where M is an invertible sheaf on Y × S T and α is an isomorphism α : f * M L | T . Since the obstruction class ω(L ) is zero, we see from the above exact sequence ( * ) that the stack Q has an S-point. Thus we can assume that L is trivial. Now we can check easily that the set of isomorphism classes of objects of Q(T ) is isomorphic to Ker (Pic(Y T ) Pic(X T )), i.e. to H 1 (Y T , I T ) = V 1 (T ). Moreover, the group of automorphisms of an object is Ker (
Hence we see that the algebraic stack Q is (isomorphic to) the S-groupoid associated to
, where both maps (source and target) from V 0 × S V 1 to V 1 are equal to the projection map on V 1 . It follows immediately that Q is quasi-compact. (By the way, we also recover the fact that it has an affine diagonal.) Proof. We can assume S = Spec A. Let us start with some further reductions.
• We can assume that X red and Y red have geometrically reduced and geometrically connected fibers. Indeed, using the lemma 2.2.8 and finite flat descent, we can assume that the connected components of X and Y have this property. Let us denote by X i (resp. Y j ) the connected components of X (resp. Y ). For every i, there is a j such that f (X i ) ⊂ Y j . Since Pic X /S = i Pic X i /S and Pic Y /S = j Pic Y j /S (and similarly for the Picard stacks) we can replace X by X i and Y by Y j .
• We can assume that X and Y are reduced. Indeed, there is a commutative diagram
Shrinking S if necessary, the vertical maps are affine and finite type morphisms of algebraic spaces owing to 2.3.1. Now, if f * red is quasi-affine and of finite presentation, then so is f * . The same diagram with Picard stacks instead of Picard functors shows that if f * red is of finite type with affine diagonal, then the same holds for f * . From now on, to prove a), b) and c) we can work under the additional assumptions of c).
• We can assume that P (f ) holds. Indeed, let us consider the Stein factorization of f ,
Then the morphism O Y 0 (f 0 ) * O X is an isomorphism and thus P (f 0 ) holds. Moreover, h is finite, and since it is surjective and Y is reduced, we can apply lemma 2.2.7 and h is the composition of a finite number of morphisms satisfying the property P . Note that Y 0 and all the stacks given by 2.2.7 are tame because of lemma 2.1.3, and that they are all reduced. Note also that, since X has geometrically connected fibers, and since all the morphisms in this factorization are surjective, it follows that all the stacks Y i have geometrically connected fibers. Below, we will prove that P (f ) holds universally over a nonempty open subset of S. Since X has geometrically reduced fibers, this will imply that the fibers (over this open subset) of the stacks occuring in the above factorization are still geometrically reduced.
• We can assume that P (f ) holds universally. First, it follows from [4] 3.2 and 2.5 that X × S X is tame. Applying 2.1.3 to the morphism X × Y X X × S X , we deduce that X × Y X is tame. Moreover, we notice that P (f ) remains true after any flat base change (use [9] A.3.4). Thus using generic flatness, we can assume that X , Y and all the R i f * O X and R i g * O X × Y X (where g : X × Y X Y ) are flat over S. Then forming f * O X and g * O X × Y X commutes with any base change. Indeed, this question is local on Y so to prove it we can assume that Y is an affine scheme Spec B. Now f * O X and g * O X × Y X are the coherent O Y -modules corresponding to the B-modules H 0 (X , O X ) and H 0 (X × Y X , O X × Y X ), so we only have to prove that forming these B-modules commutes with any base change A A ′ , which follows immediately from 2.1.7. Let us denote by π 1 and π 2 the projection maps from X × Y X to X . By generic flatness again, we can assume that Coker (π * 1 − π * 2 ) is flat over S. Now, we claim that P (f ) holds universally. 
is exact.
Proof. This is an easy fact and the (short) proof given in [2] XII 4.2 works without any change.
Let us now finish the proof of theorem 2.4.1. First, using lemma 2.2.5, we can assume that Pic X /S and Pic Y /S (resp. Pic(X /S) and Pic(Y /S)) are both algebraic spaces (resp. algebraic stacks) locally of finite presentation over S (use 2.2.3 and 2.2.5). Considering anétale presentation of Pic X /S , and using fppf descent to reduce to the case where the corresponding point of Pic X /S is induced by an invertible sheaf, it is enough to prove that for a map S Pic(X /S), the fiber products Z := Pic Y /S × Pic X /S S and Z := Pic(Y /S) × Pic(X /S) S are quasi-affine schemes of finite presentation (now S is an affine noetherian scheme, but since we have changed the base it cannot be assumed integral any more). Let us denote by L the invertible sheaf on X corresponding to the map S Pic(X /S). The stack Z can be described as follows. An object of the fiber category Z (T ) is a couple (M , α) where M is an invertible sheaf on Y T and α is an isomorphism
f * O X is injective, the automorphism group of an object (M , α) is trivial. Hence the category Z (T ) is discrete and the stack Z is (isomorphic to) an algebraic space. Moreover, recall that X and Y have geometrically reduced and geometrically connected fibers. Hence O S ∼ p * O X and O S ∼ q * O Y hold universally (where p and q are the structural morphisms of X and Y ). Using this fact, it is easy (and left to the reader) to check that Z and Z are isomorphic. So we only have to prove that Z is quasi-affine and of finite presentation. Let us denote by I the functor on S-schemes defined by
Because of lemma 2.2.1, I is an affine scheme of finite presentation over S.
Given an invertible sheaf M on Y and an isomorphism
α : f * M L , the canonical isomorphism π * 1 f * M π * 2 f * M induces an isomorphism from π * 1 L to π * 2 L ,
thus an element of I(S).
This construction is clearly functorial in S and yields a morphism Z I. Let us prove that this morphism is a monomorphism. Consider two points (M 1 , α 1 ) and (M 2 , α 2 ) which have the same image in I(S). Then we have an isomorphism α −1 2 α 1 from f * M 1 to f * M 2 . Saying that (M 1 , α 1 ) and (M 2 , α 2 ) have the same image in I(S) means that in the diagram
we have π * 1 (α Now, applying the lemma 2.2.6, we see that Z I is quasi-affine and of finite presentation, and this concludes the proof.
To conclude this section, let us state two immediate corollaries.
Corollary 2.4.3 Let X be a proper and tame algebraic stack over an integral noetherian base scheme S. Then there is a nonempty open subset V of S such that the Picard functor (Pic X /S ) | V is representable by a scheme that is a disjoint union of quasi-projective and finite type open subschemes (in particular, (Pic
Proof. The result is known if X is a scheme (see [2] XII 1.2). In the general case, let X X be a Chow presentation of X , i.e. a proper and surjective morphism where X is a scheme. Then replacing S with a nonempty open subscheme, we may assume that Pic X/S is representable by a scheme which is a disjoint union of quasi-projective and finite type open subschemes (loc. cit.), and that the morphism Pic X /S Pic X/S is representable by a quasiaffine and finite presentation morphism (2.4.1). This gives the result. 
Corollary 2.4.4 (i) Let
Corollaries, examples and applications
To state the results concerning the Picard functors, we need some finiteness notions for non representable functors or non algebraic stacks. The paragraph 3.1 is devoted to the definitions and elementary properties of these notions.
Finiteness properties for non representable functors
Let S be a base scheme. We consider functors from (Sch/S) op to (Sets). We will need the notions of quasi-compact, quasi-separated or finite presentation functors or morphims of functors, even if the functors are not representable.
Definition 3.1.1 A morphism of functors F G is surjective if for every field K and every point
ξ in G(K), there is an extension L of K such that ξ L is in the image of F (L).
Definition 3.1.2 (i) A functor F is said to be quasi-compact if there exists a quasi-compact S-scheme T and a surjective morphism T F . (ii) A morphism of functors F G is said to be quasi-compact if for every quasi-compact scheme T and every morphism T G, the functor F T obtained by base change is quasi-compact. (iii) A morphism of functors F G is said to be quasi-separated if the diagonal morphism F F × G F is quasi-compact. (iv) A functor F is said to be locally of finite presentation (implicitly,
over S) if for every filtering inverse system (Z λ ) λ∈Λ of S-schemes, such that each Z λ is an affine scheme, the map
is bijective. (v) A morphism of functors F
G is said to be locally of finite presentation if for every S-scheme U and every morphism U G, the functor
is locally of finite presentation over U . (vi) A morphism of functors F G is said to be of finite presentation if it is locally of finite presentation, quasi-compact, and quasi-separated.
The following properties are straightforward. We give detailed proofs in the note [6] . Proof. Let T denote the disjoint union of the irreducible components of S. The morphism T S is surjective and quasi-compact, so that using 3.1.3 (ix) we may assume S is irreducible. Plainly we can assume S is integral. By noetherian induction it is enough to prove that there is a nonempty open subset U of S such that Pic X /S × S U is quasi-separated (apply 3.1.3 (ix) with the base change U ∐ (S \ U ) S). This fact is an immediate consequence of 2.4.3. The same proof works for the Picard stack. (ii) We already know that f * is quasi-separated and locally of finite presentation. It remains to prove that it is quasi-compact. As in the proof of 3.2.1, using 3.1.3 (ix) we can assume S is integral, and by noetherian induction it is enough to prove the assertion over a nonempty open subset of S. It is an immediate consequence of 2.4.1. The same proof works for f * : Pic(Y /S) Pic(X/S).
be a commutative diagram of functors. If h is quasi-compact and g is quasi-separated, then f is quasi-compact. (viii) In a diagram as in (vii), if h is quasi-separated, then f is too. (ix) Let
Proposition 3.2.3 Let X be a proper and tame algebraic stack over a noetherian scheme S. Then for every positive integer n, the morphisms
are of finite presentation.
Proof. Again we only have to prove that ϕ n and λ n are quasi-compact. By Chow's lemma ([22] 1.1) there is a proper and surjective morphism π : X X with X a projective S-scheme. We have a commutative diagram:
The morphism π * is quasi-compact by 3.2.2, and ϕ n,X is quasi-compact by [2] XIII 3.6. So ϕ n,X is quasi-compact by 3.1.3 (vii).
To prove that λ n is quasi-compact, as in the preceding proofs we can assume that S is integral, and by noetherian induction it is enough to prove that the assertion holds over a nonempty open subset of S. We can obviously assume that X S is surjective and that X is connected. Using 2.3.1 and the diagram
we can assume that X is reduced. With these remarks and with 2.2.8, we can restrict to the case where X has geometrically reduced and geometrically connected fibers. By fppf descent we can also assume that X has a section. Now, by [9] 2.3.4, the stack Pic(X /S) is isomorphic to Pic X /S × S BG m . Hence λ n is the product of ϕ n and the n th -power map BG m BG m , so it suffices to prove that the latter is quasi-compact, which is obvious since BG m itself is quasi-compact.
Using the n th -power map: application to Severi-Brauer varieties. To show how the map λ n above can be useful, let us give an application to Severi-Brauer varieties. Let S be a scheme and let f : X S be a SeveriBrauer scheme of relative dimension n − 1 over S, that is, a projective and flat scheme of finite presentation over S, the geometric fibers of which are isomorphic to P n−1 . By [1] I.8.3 we know that locally for theétale topology, X is isomorphic to the projective space P n−1 S . We also know that X/S is trivial if and only if the dualizing sheaf ω X/S = det Ω 1 X/S has an n th root, i.e. if there is an invertible sheaf M on X such that M ⊗n is isomorphic to ω X/S . We construct a trivializing space for X/S as follows. Let us denote by ω : S Pic(X/S) the map corresponding to the invertible sheaf ω X/S , by S the fiber product Pic(X/S)× λn ,Pic(X/S),ω S and by X the fiber product
The stack S is algebraic (since Pic(X/S) is algebraic) and it is of finite type over S by 3.2.3. It can be described as follows. If T is an S-scheme, the fiber category S (T ) is the category of couples (M , α) where M is an invertible sheaf on X T and α is an isomorphism from M ⊗n to the dualizing sheaf ω X T /T . If (M , α) is such an object, then ω X T /T has an n th root and X T /T is trivial. In particular we see that the morphism S S trivializes X/S in the following sense: if T S is any morphism with T a scheme, then the Severi-Brauer scheme X T /T obtained by the base change T S S is trivial. Assuming that n is invertible in S, we can see that the stack S is a µ n -gerbe for theétale topology, and the discussion above shows that this gerbe is trivial (i.e. it has a section) if and only if X/S is trivial. This µ n -gerbe and the corresponding class in the group H 2 (S, µ n ) will be the subject of further work.
Finiteness theorems for the torsion component Pic
We recall the definition of the torsion and the neutral component of a (commutative) group functor. (Gr) be a functor, where (Gr) is the category of commutative groups. We define two group subfunctors G 0 and G τ of G as follows. If T is the spectrum of an algebraically closed field K, we say that a point t ∈ G(T ) is in G 0 (T ) if there are connected Kschemes of finite type T 1 , . . . , T n , and for each i a morphism α i : T i G ( i.e. α i ∈ G(T i )) and two K-points s i , t i ∈ T i such that
. . .
For an arbitrary S-scheme T , we say that a point t ∈ G(T ) is in G 0 (T ) (resp. in G τ (T )) if for every algebraically closed field K and every morphism ξ : Spec K T , the restriction t ξ ∈ G(Spec K) is in G 0 (Spec K) (resp. if there is n > 0 such that t n ∈ G 0 (T )).
We let the reader check that these are indeed group subfunctors of G, and that forming them commutes with any base change. Moreover, if G is a group scheme locally of finite type over a field k, then G 0 is the connected component of the neutral element (hence it is open, closed, geometrically irreducible and of finite type). In this case G τ is therefore an open subscheme of G, namely the union ∪ n>0 ϕ −1 n (G 0 ) where ϕ n : G G is the multiplication by n. In particular if G τ is quasi-compact, then it is also closed in G. The reader can also check that G τ contains any group subscheme of finite type of G.
For an arbitrary base scheme S, G 0 may not be representable (but its fibers are, by the above). In the case of the Picard functor Pic X /S of a proper algebraic stack X over a base scheme S, we have proved in [9] In the case of root stacks, we can also prove directly the latter result from 3.2.3. Let X be an S-scheme that is proper (resp. projective), flat and with geometrically integral fibers. Let L be an invertible sheaf on X. We know that Pic X/S is an algebraic space. Let us denote
n ] the stack, the fiber category over an S-scheme U of which is the category of triples (x, M , ϕ) where x ∈ X(U ), M is an invertible sheaf on X and ϕ is an isomorphism of invertible sheaves from M ⊗n to x * L . Then by [9] 5.3, there is a short exact sequence ofétale sheaves:
Moreover, Pic X /S is an algebraic space, and π * : Pic X/S Pic X /S is an open and closed immersion. As in 3.2.3, let us denote by ϕ n the n th -power map of the Picard functor Pic X /S . Because of the above exact sequence, the image of ϕ n lies in Pic X/S . We deduce easily from this remark, and from the fact that π * induces an isomorphism from Pic and Pic 0 X /S are trivial S-groups. Let d = gcd(l, n). We can see easily that Pic τ X /S is isomorphic to the constant group scheme Z/dZ, generated by the section corresponding to Ω
where Ω is the canonical n th root of L on X .
Arithmetic results
Theorem 3.4.1 Let X be a proper and tame algebraic stack over a noetherian base scheme S. If ξ : Spec K S is a geometric point of S, let us denote by NS(ξ) (or NS(X , ξ) if we need to precise the stack) the Néron-Severi group of the geometric fiber X ξ of X over ξ.
Then the groups NS(ξ) are of finite type. Moreover, their rank and the order of their torsion subgroups are uniformly bounded over S.
Proof. It is enough to prove the second assertion. To bound the rank, let us take a Chow presentation π : X X . By 3.3.2, we have a cartesian square of group functors
This implies that for each geometric point ξ, the morphism π * induces an injective morphism
But the group on the right is free of finite rank uniformly bounded over S ([2] XIII 5.1). Hence the same holds for the left-sided group (with the same bound as for X). To see that the order of the torsion subgroup is bounded, the proof given in loc.cit. works without any change: using 2.4.3, 3.3.3 and noetherian induction, we may assume that S is integral and that Pic τ X /S is a scheme of finite type. For a geometric point ξ of S, the torsion subgroup NS(ξ) tors is equal to the group Pic
, so its order is equal to the number of connected components of Pic τ X ξ /K . But by [17] 9.7.9, there is a nonempty open subset of S over which this number is constant. Example 3.4.2 Let S be the spectrum of an algebraically closed field k, let C be a smooth n-pointed twisted curve in the sense of Abramovich and Vistoli, and let C be its coarse moduli space. Let us denote by (d 1 , . . . , d n ) the n-uplet of integers defining the actions on the marked points, and by L i the invertible sheaf O C (Σ i ) where Σ i C is the i th marked point (see also [10] 2.2.4 and 4.1). Then by [10] , we know that there is a short exact sequence
in which the class of the invertible sheaf L i on C is sent to a generator of the factor Z/d i Z. Since k is algebraically closed, we have Pic C /S (k) = Pic(C ) and Pic C/S (k) = Pic(C). Moreover, by [9] we know that Pic 0 C /S = Pic 0 C/S . It follows that the above exact sequence induces an exact sequence involving the Néron-Severi groups:
So NS(C ) is the group obtained from NS(C) by adding formally, for every i, a d th i root of the class of O(D i ), where D i is the i th marked point on C. From the latter exact sequence, we see that NS(C) and NS(C ) have the same rank. Moreover, the order of NS(C ) tors is bounded by |NS(C) tors |.
More precisely, if ι is the index of the free part of NS(C) in the free part of NS(C ), we have the relation
In the rest of this section, we generalize to algebraic stacks some results of the article [18] of Kahn. Proof. Let X X be a smooth and quasi-compact presentation of X . 
The result follows since H 0 (X × Y X, G m ) is of finite type. Proof. a) For the case S = Spec Z, consider a presentation X X of X , with X a normal scheme, of finite type over S. Then Pic(X) is of finite type because of the theorem 1 of [18] . The preceding lemma then implies that Pic(X ) is of finite type.
For the case S = Spec k, the proof given in [18] works without any change. We include it here for the convenience of the reader: let us choose an integral scheme U of finite type over Spec Z, whose function field is k. Then by [20] 4.18, replacing U with a nonempty open subset if necessary, there is an algebraic stack X of finite presentation over U whose generic fiber is equal to X . Moreover we may assume X is normal. Now Pic( X ) is of finite type by the preceding case. Moreover, the morphism from Pic( X ) to Pic(X ) is surjective. This concludes the proof. b) Let P be the scheme Pic X /k (2.4.4) and P 0 its neutral component. Then P 0 is proper ( [9] ), thus an abelian variety. We have an exact sequence
Now, the last group is of finite type by 3.4.1, and P 0 (k) G is equal to P (k), thus of finite type by [18] cor. 3. Moreover P (k) = Pic(X k ).
1) Without tame assumptions, but if the ring A is a PID (and in particular a DVR. . . ), there is a useful substitute (4.3) for the finite complex discussed above, with the same consequences on the behaviour of cohomology (e.g. there is a semicontinuity theorem, see 4.4). 2) In the general case, there is always (with very few assumptions) an infinite complex of flat modules computing universally the cohomology of F (4.1).
Lemma 4.1 Let S be the spectrum of a ring A and X a quasi-compact algebraic stack over S. Let F be a quasi-coherent sheaf on X .
(1) Then there is a complex of A-modules Proof. To prove (1), let U 0 X be a presentation of X , such that U 0 is an affine scheme. Let V 1 = U 0 × X U 0 . Let W 1 V 1 be a presentation of the algebraic space V 1 , the source of which W 1 is an affine scheme, and let U 1 = U 0 W 1 . We then get a truncated hypercover 3
and isomorphisms
Let U • be the 1-cosqueleton 4 of this diagram. Clearly this is a hypercover (of type 1) for X . Moreover, we can see easily in the construction of the cosqueleton (cf. [12] (0.8)) that for every n ≥ 0, the algebraic stack U n+2 can be expressed in terms of fiber products obtained from the diagram: 
in the A-algebra A ′ , and an isomorphism H n+1 (M • ) H n+1 (X , F ).
Proof. Let Q • be the complex given by 4.1 (2) applied with the integer n + 1. Let Z n+1 = Ker (d n+1 : Q n+1 Q n+2 ). It is a free module since Q n+1 is free and A is a PID. Let us consider the complex
We claim that it computes the cohomology of F in degrees 0 ≤ i ≤ n + 1, and even universally for 0 ≤ i ≤ n. All this is obvious except for degree n. In degree n, it is enough to show that the kernel of Q n Z n+1 universally equals that of Q n Q n+1 . For that purpose, it is enough to show that the map Z n+1 Q n+1 is universally injective. But since its last term is a free module, the sequence 0 Z n+1 Q n+1 Im d n+1 0 remains exact after any base change and we are done. Now, we apply Mumford's lemmas 1 and 2 ([21] §5) to the above complex and we get the desired one.
Corollary 4.4 Let S be a scheme that is locally the spectrum of a principal ideal domain. Let X be a quasi-compact algebraic stack over S and let F be a quasi-coherent sheaf on X that is flat over S. Then the conclusions (1) and (2) 
